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Abstract 

Solutions to the Dirac equation are obtained by considering functions 
of axial type. This indeed gives rise to Vekua systems that can be 
solved in terms of special functions. In this paper we investigate axial 
symmetry for the solutions of the two-sided monogenic system and we 
give examples involving Bessel functions. 
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1 Introduction 

Let Mo.m be the 2 m -dimensional real Clifford algebra constructed over the 
orthonormal basis (ei,...,e m ) of the Euclidean space M. m (see [2]). The 
multiplication in Mo,m is governed by the following rules 

e) = -1, j' = l,...,m, 

ejGk + e.k£j = 0, 1 < j 7^ k < m. 

A basis for the algebra Mo,m is given by the elements 
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where A = {ji, . . . ,j k } C {1, . . . , m} is such that ji < ■ ■ ■ < j k . For the 
empty set 0, we put = 1, the latter being the identity element. The 
subspace of fc-vectors is defined as 



i>(*0 



O G Mo,m 




leading to the decomposition Mo,m = ©j~o^om- 

One way to generalize the holomorphic functions of a complex variable is 
by considering the null solutions of the so-called generalized Cauchy-Riemann 
operator in IR m+1 , given by 

8=8 + 8 

where 

m 

dx ^ y &jdxj 
j=i 

is the Dirac operator in M m . More precisely, an Mo,m- valued function / 
defined and continuously differentiable in an open set Q of R m+1 , is said to 
be left (resp. right) monogenic in Q if 8 x f = (resp. fd x = 0) in Q (see e.g. 

m®W). 

In a similar fashion is defined monogenicity with respect to d x - Addition- 
ally, functions which are both left and right monogenic are called two-sided 
monogenic. 

Suppose that Pk{x) is a homogeneous left monogenic polynomial of degree 
k G No in W m . The axial (left) monogenic functions are monogenic functions 
of the form 

(A(x ,r) + - B(x ,r)jP k (x), r = \x\ = ^/-x 2 , (1) 

with A and B being M-valued and continuously differentiable functions in 
M 2 (see [H US]). It is not difficult to show that A and B satisfy the 
Vekua-type system 

d„B + d r A =0. 

It is worth pointing out that some examples of these functions are provided 
by the so-called Fueter's theorem (see e.g. [U [TJ EJ QUI [III [33] ) • 

Our aim in this paper is to construct the analog of functions ([[]) for the 
case of two-sided monogenicity. Explicit examples will also be given. 
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2 Two-sided axial monogenic functions 

Let us recall the following Leibniz rules that will be used in our calculations 

in 

djxj) = -m/ - 2 ]T Xj f) ~ x( 9 J) > ( 2 ) 

3=1 
m 

(fx)dx = -mf -2^2 Xj(d Xj f) - (fdgjx. 

3=1 

We denote by P k j(x) a homogeneous two-sided monogenic polynomial of 
degree k in R m with values in the subspace of /-vectors R-o m - To be precise: 

P kt i(tx) = t k P k>l (x), t e R, 

dx_P k ,i{x) = = P h: i(x)d,, x G R m , 

PkM e x e 



nin 



In what follows, J a , Y a stand for the Bessel functions of the first and second 
kind respectively (see e.g. [5]). They satisfy the recurrence relations: 

2a 

—Z a (t) = Z a _i(t) + Z a+1 (t), 

2Z' a (t) = Z a _x(t) - Z a+1 (t), 

where Z a denotes J a or Y a . On account of the above relations, we have 

{t- a z a (t))' = -t~ a Z a+1 (t). 

Let us now assume that A, B, C, D are M-valued continuously differentiate 
functions in some open subset of = {(xi,x 2 ) G M 2 : x% > 0}, and 
consider 

F(x) = A(x ,r)P h j(x) + B(x Q ,r)xP k) i(x) 

+ C(x , r)P k)l (x)x + D(x , r)xP kt i(x)x. 

It is easily seen that 

m m q ^ 

d zA = ^2 e J d xj A = ^2 e j( d rA)(d x r) = -!—x 

3=1 3=1 T 



and therefore 



dx(AP kil ) = (d,A)P k>l + A(d,P k>l ) = — xP fcii . 



Using the Leibniz rule ([2]) and Euler's theorem for homogeneous functions, 
we also obtain that 



d x (BxP k>l ) = (d r B)=-P Kl - B(mP k>l + 2j2^Adx j Pk,i)+x(d^P k , l )) 
r i=i 
= - {(2k + m)B + rd r B)P K i. 



Since, by hypothesis P k j is an /-vector valued function, then 

m 

J2 e 3 p k,iej = (-l) l (2l-m)P kh 

which leads to 



dJ,P k ,ix) = {d^P k)l )x + J2 e J p k,i{ d ^) = (-!)'( 2/ - m)P k ,i. 

3=1 



This gives 



d r C 



d*(CP kjl x) = (-l) l (2l - m)CP Kl + -^xP^x, 

d*(DxP Kl x) = (-l) l+1 (2l - m)DxP k;l 

- ((2k + m + 2)D + rd r D)P ktl x. 

In view of the above equalities, we see that F is left monogenic if 

' d X0 A - rd r B = (2k + m)B + (-l) l+1 (2l - m)C 



d X0 B + -d r A 



-l) l (2l-m)D 



d X0 C - rd r D = (2k + m + 2)D 
d X0 D + -d r C = 0. 



Similarly, we can also get that 
d A 

(AP ki i)d x = — 



(BxP k>l )d x _=(-l) l (2l-m)BP l 



d r B 



k,l 



~X_P k [X_ } 



(3) 



(CP k>l x)d x = -((2k + m)C + rd r C)P k>h 
(DxPkjxjdx = -((2k + m + 2)D + rd r D)xP Kl + (-l) m (2/ - m)DP ktl x, 



leading to the following system for the case of right monogenicity of F 



( d X0 A - rd r C = (2k + m)C + (— 1)' +1 (2Z - m)B 

d X0 C + -d r A = (-l) l (2l - m)D 
r 

d X0 B - rd r D = (2k + m + 2)D 



(4) 



d X0 D + -d r B = 0. 



Since we are interested if F being two-sided monogenic, we should consider 
simultaneous solutions of the systems flS])-fllD. A quick look at these systems 
reveals that 

d Xo (B-C) = d r (B-C) = 0, 

which clearly implies that B — C is constant. Subtracting the first equations 
from ©-(jl]) we may conclude that B = C. 



Proposition 1 Suppose that A\, A2, A3 are M,-valued continuously 
tiable functions in the open set H C . If these functions satisfy 
overdetermined system 



lued continuously dijferen 
If these functions satisfy in S 



the 



' d X0 A x - rd r A 2 = ((2k + m) + (-l) l+1 (2l - m))A 2 

m)A 3 
+ 2)A 3 



d X0 A 2 + -d r A 1 = (-l) l (2l 
r 



d X0 A 2 - rd r A 3 = (2k + m 
d X0 A 3 + -d r A 2 = 0, 



(5) 



then 

A 1 (x ,r)P k j 



(x) + A 2 (x , r)P k) i(x}x + A 3 (x , r)xP ktl (x)x 

is two-sided 



x) + A 2 (x ,r)xP kt i 
monogenic in H* = {x G R m+1 



: (x , r) E E}. 



We now try to find particular solutions of the system (JS]), which we assume 
to be of the form 

Aj(x , r) = exp(x )a j (r), j = 1, 2, 3, 
with 01, a 2 , a 3 being E- valued continuously differentiable functions. 
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From (JSJ) it follows that 

' a% - ra' 2 = ((2k + m) + (-l) m (2/ - m))a 2 

a 2 + — = (-l) l (2l-m)a 3 

\ (6) 
a 2 — ra 3 = (2k + m + 2)a 3 

at, 

a 3 + — = 0. 
I r 

Eliminating a 3 from the last two equations of yields 

ra' 2 ' + (2k + m + 1)4 + ra 2 = 0. 

The general solution of this homogeneous ordinary differential equation is 
expressed in terms of the Bessel functions: 

a 2 (r) = r- k ^ (C\J k+f (r) + C 2 Y k+f (r)) , 

where C±, C 2 are arbitrary real constants. Hence 

a 3 ( r ) = r-^- 1 (CiJ fc+f +1 (r) + C 2 y fc+f +1 (r)) . 

We thus obtain, from the first equation of (jSJ), that 

ai (r) = ((2fc + m) + (-l) m (2/ - m))a 2 (r) - r 2 a 3 (r). 

Finally, it is not difficult to check that a%, a 2 , a 3 fulfill the second equation 
of ©. 

Proposition 2 Let a\, a 2 , a 3 be as above. Then the function 

exp(xo) (ai{r)Pk,i(x) + a 2 (r)xP k j(x) + a 2 (r)P k)l (x)x + a 3 (r)xP k: i(x)xj 
is two-sided monogenic in R m+1 \ {x = 0}. 

We would like to remark that solutions of the system flS]) can also be 
obtained by using the power series method. Indeed, writing 

A 3 (x ,r) = J2^A jjn (r), j = 1,2,3, 

n=0 
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and substituting into (jSJ) yields the recurrence relations 

A ii 2k + m + 1 

^3,n+l — ^2,n) 

r 

A 1>n+1 = rA' 2in + {(2k + m) + (-l) m (2/ - m)) A 2 , n , 
with initial conditions 

A Ji0 (r) = ^(0,r), j = 1,2,3, 
A 2il {r) = d Xo A 2 {0,r). 



Clearly, 



A 2 ,2n( r ) = ^2°n, 



A^- j+1 \r) 



A 2 ,2n+i(r) = J^c ni 

3=1 



J r i-i 
i=i 

^ 4 2 r- i+i) (r) 



with n£N and c n j E Z. 
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